Abstract: In this paper we consider the regularity criteria for weak solutions to the 3D MHD equations. It is proved that under the condition b being in the 
Introduction
We consider the following 3D MHD equations in this paper, where u = (u 1 (x, t), u 2 (x, t), u 3 (x, t)) is the velocity field, b ∈ R 3 is the magnetic field, p(x, t) is a scalar pressure, ν 1 ≥ 0 is the kinematic viscosity, ν 2 ≥ 0 is the magnetic diffusivity, f represents volume force applied to the fluid, g is usually zero when Maxwell's displacement currents are ignored, and u 0 (x) with divu 0 = 0 in the sense of distribution is the initial velocity field. In the sequel, we assume that f = g = 0, just for simplicity, and assume ν 1 = ν 2 = 1 (it can be archived by rescaling). If ν 1 = ν 2 = 0, (1.1) is called ideal MHD equations.
It is well-known [7] that the problem (1.1) is local well-posed for any given
), s ≥ 3. But whether this unique local solution can exist globally is an outstanding challenge problem. Caflisch, Klapper and
Steele [3] showed that if smooth data for the ideal MHD equations leads to a singularity at finite time T * , then
where ω = ∇ × u is the vorticity field, j = ∇ × b is the electrical current. The condition (1.2) is an similar regularity criterion as that to Euler equations [1] .
In [9] , Wu established a geometric condition on the direction of the ω and j to control possible singularity development. Recently, some improvements were done recently by He and Xin [5] . In particular, they established the Serrin-type regularity criteria in terms of the velocity field without any restriction on the magnetic field (see also the paper [10] ). More precisely, it was proved that if
The purpose of this paper is to establish the Serrin-type regularity criteria in term of the pressure just as what done in [11] for the Navier-Stokes equations.
To this end, we introduce the space L
The main results of this paper read 
, and b ∈ L 2α,2γ 
, and b ∈ L 3α,3γ [5, 10] . 
Usually we say that the norm p L α,γ is scaling dimension zero for 2/α + 3/γ = 2 (see [2] for the Navier-Stokes equations). Similarly, the norm ∇p L α,γ is scaling dimension zero for 2/α + 3/γ = 3. So these theorems establish final versions of Serrin-type regularity criteria in terms of the pressure.
Before going to the proofs, we recall the following definition of Leray-Hopf weak solution. (ii) u and b verify (1.1) in the sense of distribution, i.e.,
(iv) The energy inequality, i.e., for t ≥ 0
By a strong solution (u, b) we mean a weak solution (u, b) such that
It is well-known that strong solutions are regular (say, classical) and unique in the class of weak solutions.
A priori Estimates
In what follows the constants C's are different from line to line.
First, we would like to give an interpolation inequality.
with s ≤ p, s ≤ q ≤ 3s and
where C(s, p, q, T ) depends on s, p, q, T , and C(p, q, T ) = 1 if
Proof:
where we use the interpolation theorem
and Hölder's inequality provided (1 − θ)p ≤ s.
, we obtain
. If
, which implies
, due to the fact that
where R i is the Riesz transform, [8] , and the boundedness of
In order to prove Theorem 1.1, first we show the following theorem
and b ∈ L 2α,2γ
where C depends on the norms of p and b on the time interval.
Proof: It is sufficient to consider the equality case
In order to prove (2.4), we multiply both sides of the first and the second 
where we used
If we use the fact that
then (2.5) will be reduced as follows
Similarly, we have
Before going to estimate the right-hand sides of (2.6) and (2.7), from the equations directly, one has
The Calderon-Zygmund inequality tells us there exists a absolute constant C such that
First, we do estimate for the first term in (2.6).
Hölder's inequality
Young's inequality
Interpolation inequality 1
By (2.9)
In the above inequalities, constants a 1 , a 2 , θ and q are unknowns, however there are only three equations. How to obtain these constants? where is the fourth equation? By observing the power indexes in the last inequality, one can find
is a good choice, and can find the values for other three constants as follows:
From (2.10), by direct computation, q and a 2 satisfy
, s < q, and s < a 2 < 3s, then we can use inequality (2.1). Therefore
where is a small constant such that the following Sobolev inequality holds
By the similar trick, the last term in (2.6) can be treated as
where a = 4γs 2γ+s−2 , while a 2 and q are the same constants in (2.10). Due to the above argument, we have
The nonlinear term in (2.7) can be done in a similar way
Now, combining (2.6), (2.7) and (2.11)-(2.14), one has
Since α < ∞, by absolute continuity of the Lebesgue integral for any T < ∞, we can find a uniform number 0 < t < T such that
for any interval I ⊂ [0, T ] of length t. Covering [0, T ] with finitely many such intervals and iterating, from (2.15) we then obtain the bound
By taking limit in (2.10), we can take q = s, a 2 = 3s, (2.15) reduces to
Hence as long as b L ∞, 3 and p L ∞,3/2 are sufficiently small, we have the bound
In this case, we can take q = ∞, a 2 = s, the inequality reads
Due to the integrabilities of p and b, we have the same bound as (2.16).
This finishes the proof. 2
Next one is the a priori estimate for the gradient of pressure ∇p. 
where C depends on the norms of ∇p and b on the time interval.
Proof: It is sufficient to give a proof for
First, by taking ∇div on both sides of the first equation of (1.1) for smooth (u, p), one can obtain
Therefore the Calderon-Zygmund inequality 
For 2/3 < α < ∞, 1 < γ < ∞, with 3 ≤ s < 4, by using Hölder's inequality, interpolation inequality, Young's inequality and (2.18), the first term in (2.19) can be estimated as
Where in the above inequalities, the constants a 1 , a 2 , 0 < θ < 1, q and β which are to be determined later satisfy
By a first glance, one can find that there are five unknowns but only four equations, therefore the system is under-determined. How can we overcome this diffi- 
It is obvious that β and b satisfy
where we used Sobolev inequality and let be sufficiently small.
So the first term in (2.19) has the bound
While the second nonlinear term can be treated as
where a = 6γs 3γ+s−2 , while a 2 and q are the same constants in (2.21). Due to the above argument, we have
Similarly, the third nonlinear term can be bounded as
Combining (2.19) and (2.12)-(2.24), one has
(2.25)
Since α < ∞, by absolute continuity of the Lebesgue integral for any T < ∞, we can find a uniform number 0 < t < T such that 
When α = ∞, γ = 1, by taking limit in (2.21), we can take q = s, a 2 = 3s, (2.25)
Hence as long as b L ∞, 3 and p L ∞,1 are sufficiently small, we have the bound
When α = 2 3 , γ = ∞, we can take q = ∞, a 2 = s, the inequality reads
Due to the integrabilities of p and b, we get the bounds for u(t) 
Proof
In order to prove the main theorems, we recall a result of Giga [4] (see also [6] for the Navier-Stokes equations). 
). Since u a Leray-Hopf weak solution which satisfies the energy inequality, we have by the uniqueness criterion of Serrin-Masuda [7] u ≡ũ and u ≡ũ on [0, T * ).
By the a priori estimate, (2.4) or (2.17) and combined with the standard continuation argument, we can continue our local smooth solution corresponding to 
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